Abstract. We prove a Tietze type theorem which provides extensions of little Lipschitz functions defined on closed subsets. As a consequence, we get that the quotient of any little Lipschitz algebra by any norm-closed ideal is another little Lipschitz algebra.
Let X be a compact metric space. The Lipschitz algebra Lip(X) is the set of all scalar-valued Lipschitz functions on X with the norm It is well-known and easy to prove that lip(X) is a norm-closed subalgebra of Lip(X). Except where noted, we will assume the scalar field is real. Every weak*-closed subalgebra of a Lipschitz algebra is isometrically isomorphic to another Lipschitz algebra ( [9] , Corollary B), as is the quotient of a Lipschitz algebra by any weak*-closed ideal ( [9] , Corollary C). A complex version of the first result also exists; it requires the subalgebra to be self-adjoint as well as weak*-closed. Weak*-closed ideals are automatically self-adjoint, however the result on quotients is only valid up to isomorphism, not isometric isomorphism, in the complex case.
The analogous results for little Lipschitz algebras are as follows. Every normclosed subalgebra of a little Lipschitz algebra is isometrically isomorphic to another little Lipschitz algebra ([10], Theorem 3.4). It is also known that every norm-closed ideal of lip(X) is of the form
for some closed subset K ⊂ X ( [8] , Corollary 4.3). This strongly suggests that the quotient of a little Lipschitz algebra by any norm-closed ideal will be isometrically isomorphic to another little Lipschitz algebra; indeed, it turns out that showing lip(X)/I(K) ∼ = lip(K) easily reduces to showing that every little Lipschitz function on K extends with arbitrarily small increase in norm to a little Lipschitz function on X. However, this is by no means as trivial as the corresponding result for ordinary Lipschitz functions ( [6] , Theorem 1). It is the purpose of this note to supply the desired extension theorem. This answers a question raised in [11].
The separation property
Some care is needed in formulating a theorem about extension of little Lipschitz functions. On the unit interval with the usual metric, although the set of Lipschitz functions is large there are no little Lipschitz functions besides the constant functions. Thus, in general it is not even possible to extend a function defined on a finite set. (Of course, every function on a finite metric space is little Lipschitz.) We need some extra condition on X; the appropriate condition is given in the following theorem. 
* * is naturally isometrically isomorphic to Lip(X, R); and (f) lip(X, C) * * is naturally isometrically isomorphic to Lip(X, C).
A more complicated local condition, also equivalent to the above, was given in ( [4] , Theorem 1); see ([10] , § 1) for the proof of equivalence. We say that X has the separation property if it satisfies any of the equivalent conditions of Theorem 1. For instance, every compact metric space whose metric is of the form d α for some metric d and 0 < α < 1 has the separation property ( [1] , Lemma 3.3). Also, every finite metric space has the separation property, as does the Cantor set with metric inherited from [0, 1]. (It is possible to describe a "fat" Cantor set which does not have the separation property, but for which lip(X) does separate points. In other words, the separation by little Lipschitz functions is not uniform.)
It follows from ([10], Theorem 3.4) that for any compact metric space X there is a compact metric space Y with the separation property such that lip(X) is isometrically isomorphic to lip(Y ).
Fundamental lemmas
Lemma 2. Let X be a compact metric space with the separation property. Suppose a n → a and b n → b are convergent sequences in X and let , a 1 , . . . , a N , b, b 1 , . . . , b N } and by Theorem 1
Let α = f (a) and β = f(b) and let p : R → R be a piecewise linear continuous function with slope 0 on
and slope 1 elsewhere. We may arrange that id R − p ∞ ≤ 2δ where id R is the identity function on R, id R (t) = t.
But f and g agree on A, so we conclude that F = G| K . We will now use this fact to estimate
y).
On the other hand, if x, y ∈ K satisfy d(x, y) ≥ δ then
Thus, we have L(f − F ) ≤ 4 and we conclude that
We have shown that for every f ∈ lip(K) with f L < 1 and every > 0 there exists G ∈ lip(X) with G L < 1 and f − G| K L ≤ 4 . The lemma now follows by applying ( [7] , Theorem 4.13 (b) ⇒ (c)) to the restriction map from lip(X) to lip(K).
We say that a function f ∈ lip(X) is (δ, )-expansive if d(x, y) ≤ δ implies |f (x) − f (y)| ≤ · d(x, y). Thus, a function is little Lipschitz if and only if for every
it is (δ, )-expansive for some δ. Proof. By using the lattice operations in lip(X) it is enough to prove the weaker statement involving only two-element sets A = {x, y} ⊂ K. For if g ij L < 1 and g ij agrees with f on {x i , x j } for each 1 ≤ i = j ≤ n, then the function
has Lipschitz norm < 1 and agrees with f on {x 1 , . . . , x n }. Furthermore, if each g ij is (δ, )-expansive then so is g. Suppose then that this two-element version of the lemma fails for some > 0. Then for each n ∈ N let {a n , b n } ⊂ K be a set on which f agrees with no (1/n, )-expansive function g ∈ lip(X) with g L < 1. Choose a subsequence so that (a n k ) and (b n k ) both converge in K; invoking Lemma 2, we then get a function g ∈ lip(X) with g L < 1 which agrees with f on each pair {a n k , b n k }. But g must be (δ, )-expansive for some δ > 0 since g ∈ lip(X). This is a contradiction and establishes the lemma.
An alternative proof of Lemma 3 goes by choosing g ∈ lip(X) which agrees with f on {a, b} where a n k → a, b n k → b, then modifying g to get a function in lip(X) which agrees with f on some {a n k , b n k } and contradicts the choice of this pair. However, this argument will not work if f (a) = f(b), in particular if a = b. In that case one still needs a Lemma 2 type argument.
Extensions and quotients

Theorem 4. Let X be a compact metric space with the separation property and let
Proof. Let > 0 and f ∈ lip(K), f L < 1. We will find g ∈ lip(K) with g L < 1 and f − g| K L ≤ 4 . As in the proof of Lemma 2, this is enough; ( [7] , Theorem 4.13 (b) ⇒ (c)) will then imply the desired conclusion.
By Lemma 3 find δ > 0 so that the restriction of f to any finite subset of K extends to a (δ , )-expansive function on X. Note that this implies that f must itself be (δ , )-expansive. Define δ = min( , δ ) and find a finite δ-net A ⊂ K. Let g ∈ lip(X) be a (δ, )-expansive function which satisfies g L < 1 and g| A = f| A .
We
We estimate L(f − g| K ). For any x, y ∈ K with d(x, y) ≤ δ, we have
since f and g are both (δ, )-expansive. On the other hand, if
and likewise |f (y) − g(y)| ≤ 2δ . Hence
The idea of using an approximation lemma argument to prove an extension theorem comes from [2] . Theorem 4 is also sharp in the following sense. While the Lipschitz number of the extension can be brought arbitrarily close to the Lipschitz number of f , in general one cannot have L(f ) = L(f). To see this take X = {1/n : n ∈ N} ∪ {0} with metric inherited from [0, 1] and define f (0) = 0, f (1) = 1 on K = {0, 1}. Then L(f ) = 1 and it is easy to see that there is only one extension of f to X with Lipschitz number 1, namely the functionf (t) = t. But this function is not little Lipschitz. Note that X does have the separation property.
